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Abstract. We construct a unified recurrence operator method for obtaining explicit expressions
for the wavefunctions of shape-invariant potentials. It is found that the normalized coefficients
for the energy eigenfunctions satisfy a universal recurrence relation. The procedure is illustrated
in detail for four potentials. We work out the normalized explicit wavefunctions of Hulthen
potential, for which the normalized explicit wavefunctions have not been previously calculated.

1. Introduction

After introducing the concepts of supersymmetry [1] and shape invariance [2] in non-
relativistic quantum mechanics, the energy eigenvalues can be worked out algebraically
for almost all exact solvable potentials [2—5]. Using operator techniques, dDuatit [6]

and Dabrowskeet al [7] have obtained unnormalized explicit wavefunctions for shape-
invariant potentials with a translation of parameters. Recently, Baatlay[4] discovered

a large class of new shape-invariant potentials with a scaling ansatz for the change of
parameters, and they also obtained unnormalized explicit expressions for the eigenfunctions
of these potentials. However, using operator techniques, how to obtain normalized explicit
expressions for the eigenfunctions of shape-invariant potentials is still an open question [8].
In view of the fact that shape-invariant potentials have not been exhausted [9], establishing
a theory to calculate the normalized explicit wavefunctions for shape-invariant potentials is
of considerable interest.

In this paper, we propose a unified recurrence operator method to calculate the
normalized explicit wavefunctions for shape-invariant potentials within the framework of
supersymmetric quantum mechanics. It has been found that the normalized coefficients
for the wavefunctions of shape-invariant potentials satisfy a universal recurrence relation.
Using the usual factorization methods, it is very difficult to obtain the normalized explicit
eigenfunctions for some shape-invariant potentials (such as the modifigchlRTeller
potential, the Hulthen potential, etc). However, for these potentials we can also obtain
their normalized explicit wavefunctions by using the present recurrence operator method,
and not using the special functions. We suggest that the unified recurrence operator method
is useful in obtaining the normalized explicit wavefunctions of the shape-invariant potentials
with the help of computer software such Mathematica
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2. The universal recurrence operator method

The one-dimensional stationary Sétinger equation is
 2mdx?

where W (x) is the wavefunctiony (x) the potential andt the energy. The unnormalized
ground-state wavefunctioWy(x) is written as

72 2
[ h~ d + V(x):|\1'(x) = EV¥(x) Q)

~2m
Yo(x) = exp( - / W(x) dx) = exp(/ Z(x)dx) (2)
where W (x) is called a superpotential. Substituting equation (2) into (1) gives
7'+ 7% = v(x) — &9 3)

wherev(x) = 2mV (x) /h?, ¢g = 2mEo/h? and Ey is the ground-state energy. Equation (3)
is a nonlinear Riccati equation.

In terms of the superpotentid¥ (x), the supersymmetric partner potentids(x) and
V_(x) are given by [3]

Vi) = W2 + % dvgf” ()

V_(x) = W2(x) — \/%%' (5)
Also, the operatorst and A* are given by

At = —%% + W (x) (6)

A= %% + W(x). )

If Vi(x) andV_(x) have similar shapes, they are said to be shape invariant, and they satisfy
the following relation [2]

Vi(x,a0) = V_(x,a1) + R(ay) (8)

whereaqg is a set of parameters; is a function ofag (a1 = f(ap), say) and the remainder
R(ay) is independent ok. The Hamiltonians corresponding to the potentiglgx) and
V_(x) are given by

72 d2

H+(x,ao)=—%@+V+(x,ao) 9)
R? o

H,(x,ao)z—%ﬁ—}-V,(x,ao). (10)

Gendenshtein [2] showed that the energy spectruif ofx, ag) is given by
EF =0  EQ =Y R@)  a="ao (11)
k=1

while its unnormalized energy eigenfunctions are given by [7]
W (x, a0) = AT (x, ag) W7 (x, ay). (12)
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The potentialsV (x) and V_(x, ag) have the following relation [5]:
V(x) = V_(x,a9) + Ep. (13)

Thus, the energy eigenfunctions for the potentils) and V_(x, ap) are the same. In all
subsequent discussions, we only consider wavefunctiols ©f, ap), S0 the superscript)

will be suppressed for simplicity. In order to find recurrence relations for the normalized
coefficients, we now carry out the following calculations:

/ ‘Pf+1(x,ao)dX=f W, 1(x, ag) AT (x, ag) W, (x, ar) dx

= /;OO ‘lf,,+1(x,ao)< \/—_a + W()C ao)>\IJ ()C al)dx
- —\/%\vwﬂx,ao)wn(x,al»i"w /: \/h_xp (r.ap P g,
+ / W, 41(x, ao) W (x. ap) W, (x. az) d.

Whenx — +o00, ¥,,1(x, ag) and ¥, (x, a;) are equal to zero, so we obtain

o d
[ W2, (x, ap) dx = / v, (x, al)[rdx + Wi(x, ao)} W, 1(x, ap) dx

/_:\IJ (x, a1)|:\/_dx+W(x ao):||: F%—i—W(x ao):|\IJ (x,aq) dx
oo 72 2
/ ‘Dn(x,al)[ h—d—+W (x, ao)+LM}‘I’n(x,a1)dx

- 2m dx2 N
= [ a0 d (14)
where H, (x, ao)_zoan be written as
72 d2 7.2 d2
H,y(x,a0) = o d? + Vi(x,a0) = o 2 + V_(x,a1) + R(ay)

= H_(x, a1) + R(ay). (15)
Substituting (15) into (14) yields

/ ‘IJfH(x,ao)dx:/ V,(x,a)[H-_(x,a1) + R(a1)]¥,(x, a) dx

oo

= / W, (x, a))[ES7) (a1) + R(ar)] W, (x, a) dx

= [E,gf)(al) + R(a1)] /00 \Ilf(x, ap) dx. (16)

Letting N, +1(ap) and N, (a1) be the normalized coefficients fdr,  1(x, ag) and ¥, (x, a1),
respectively, we have

o0
/ N,irl(ao)ll—’fﬂ(x, ap) dx

= N2, (ao)[E{ ) (a1) + R(ay)]

1 =2 2
N2 /700 Ny (a) Wy (x, ap) dx

= N2,1(a)[E{ 7 (a1) + R(ay)] (17)

N2(ay)
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This leads to
Nn ((11)

[E5(a1) + R(ap)]V2
This is a universal recurrence relation for all the shape-invariant potentials.

With the help of equations (12) and (18), we can work out the normalized explicit
wavefunctions for all the known shape-invariant potentials. To clarify the whole procedure,
we will explicitly compute the first few normalized energy eigenfunctions for four shape-
invariant potentials (Coulomb, Morse oscillator, modifieéséhl-Teller and Hulthen
potential (s state)).

Nyi1(ao) = (18)

3. Applications

3.1. Coulomb potential

1 2
Vi) =——& (19)
Areg 1
The equivalent potential for the radial motion is given by
1 ¢ RAl+1
Vi) = - & T > ).
Areg r 2mr
We obtain the following from [5]
4T 1
EO Ra) = X | = = ,=0,1,2,... 20
n (@) + R(@) 7% a3 (a1 +n,)? " (20)
E d ap o
At = —+— - — 21
o =-=(5 + 2~ o) @)
xo(r, ag) = r e\ ~o/2wr (22)

whereap =1 + 1, a1 = ap + 1 ando = me?/2neoh?. The radial wavefunctiorR(r) has
been written in the formR(r) = x (r)/r.
From the normalized condition

/°° V2 (xO(r, ao)>2 2
jlag)| —— | redr =1
0 r

we obtain the normalized coefficients by using equations (18) and (20):

o 2a0+1 -1/2
No(ao) = |:<;> F(Zao + 1)] (233.)

(a0t 1)\%0+3 me* [ 1 1 -1/2
Ni(ag) = |:< - ) I (2a0 + 3)W<a_§ - m)} (230)

Na( )—zz<i 1 )( ! ! )<“°+2>2a0+5r(2 5]
2“O_me“[ 2 (@+2?)\(@+D?  @+22)\ o w0t ] '

(2%)
The unnormalized wavefunctions are obtained by using equations (12), (21) and (22):
h o 1 1
= ————1|2a 1— = - aoef(o'/z(a(ﬂ*l))r 243
x1(r, ao) m[ o+ 2<ao+l+ao)r:|r (24a)
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—

h
x2(r, ap) = o [(2110 +3)(ao+ 1) — (2a0 + 3)m

(ot Vv r+ I A
- = r —_ r
2\ag+2 ap+1 o 2\ap+2 ap+1)2(ap+ 2

dog o o 1 1 _
- _ 2a 33— = a0+1e (0/2(ao+2))r .
+<V 200)( ot 2<ao+2+ao+1>r>r

(240)

We putn = n, +1+ 1. By using equations (23) and (24) and after algebraic simplification,
we obtain the normalized wavefunctions

1
RLO(V) 3/2 i) e—r/aB (253.)
1 r .
Reo(r) = WJ? @)FMm (250)
r
R2,l(r) \/§a3/2 e*r/ZHB (25C)
1 4y 4 (rY\
1 4 Al —1/3ap
R30(r) = (3ag) 32 [2 3ag + 27(615) i|e o

whereag = 2/0 = 4reogh?/me?, which is Bohr radius. These results are the same as those
obtained in [10] through the usual factorization method.

3.2. Morse oscillator potential

V(x) = Ugle %" — 2e*]. (26)

Using the factorization method, Nieto and Simmons [11] obtained the exact normalized and
closed-form eigenfunctions written in terms of associated Laguerre polynomials

W, (x) = N(n, Ay M2ne 32 @=21-1)y) O<n<[r— %] (27)
wherei = (2mUp/R%a®)Y2, y = 20 e ** and

a@r—2n—D(n+1)]"2
= . 2
N(n, ) [ TB = ] (28)
Letting Z(x) = A e %* 4+ B, substituting this into equation (3) yields
o
A= B=—-—
p 5~ B
where = /2mUy/h.
On using equations (4), (5), (8) and (11), we obtain
EZ 2 2
R(ap) = E(ao - al) (29)
) R .
E,"(a0) = 5 (ag — ay) (30)
whereag = («/2) — B, a1 = ap + «. From equations (29) and (30), we get
h?
ES)(a1) + R(ar) = —[a3 — (ap + na + a)?]. (31)

2m
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The operatorA™ (x, ag) and unnormalized ground-state wavefunctibg(x, ag) are given
by

h d
A+()C,Clo) = —E<a +ﬂe—ax +a0> (32)
Wo(x, ag) = exp( - g e+ Clox) . (33)

From
/ NE(ag)Wé(x, ag) dx = 1
—00

we obtain the normalized coefficients for the first three wavefunctions by using
equations (18) and (31):

Ja

Noleo) = 2p ey T (—2a0/ )] (399
1 o 1/2 ) —1/2
N = | P T | an ot e e
28\ ~(@wt2/a 72 -12r g2 -1/2
Na(ag) = <;) |:— E(Zao-i--?’a)a] |:— %(2004‘201)201]
o 1/2
. |:F(—2(ao n 201)/04)} ' (349

According to the definition of the gamma function, we have &gKao)
ao+na <0
which leads to
2mUy 1
a2
This condition is consistent with the conclusion in the literature [11].
The unnormalized wavefunctions are obtained from equations (12), (32) and (33):

n<

Wy (x, ag) = —\/%(2/3 e % + 2ap + a) exp( — g e " + (ag + ot)x) (359)

2
W, (x, ag) = %[4;32 e 2" + (10Ba + 8Bap) € ** + 4aZ + 10agx + 6?]
X exp( — ée"” + (ao + 2a)x>. (35b)
o

By using equations (34) and (35) and after algebraic simplification, we obtain the normalized
wavefunctions

o V2 (2n—1)/2
\IJO(X) = (m) (2)\,) exp( —

o
(2. —2)T (2. — 3)

ax — A e‘”) (36a)

1/2
Wy (x) = ( > 20 @I2(20 — 2 — 2). 7%

X exp( — 2)L2_ 3ax —A e“"") (36b)
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2a 1/2
(2}.)(2)\75)/2
(27 —3)(21 — 4T (21 — 5)
x[222 2% — 2)(2n — 3) €% + 2% — TA + 6]

x exp( - 2k2_ Sux — 2 e“”) (36c)

Wo(x) = (

where we have used the substitutioniof= g/«. These results are consistent with the
results obtained from equation (27).

3.3. Modified B5schl-Teller potential
72

V(x) = —%m + 1)sechx. (37)
From [5] we obtain
E7(a1) + R(ay) = el (n + Day — E(n2 -1 n=0,123,... (38)
n Ne o
AT (x, ag) = —%(% — \/?ao tanx) (39)
Wo(x, ag) = (sech)~2n/Mao (40)
whereag = id/N2m, a1 = ag — h/~/2m.

From

V2 Desr (vV2m May + DI _
(V2m/Ryaol 2(~/2m [Ryao + 1)

the normalized coefficients are obtained by using equations (18) and (38)

/ N&(ao) W3 (x, ag)dx = NE(ao)

1/2 -1
No(ag) = [J?aor (2@(10 + l>i| [2(*/%/")“01‘ <?ao + 1):| (41a)
172
Ni(ag) = [@ (x/?ao — 1>F(2\/I/_l%ao - l>i|
1/29-1
x [2<m/”>“0—1r (‘/?ao> (2 ‘/?ao - 1) ] (41b)

= [ Fu- (o Fn- )]

120 - - 172
e Tl )

1
xr(?ao _ 1)] (410)

where we have used the gamma function, which is defindt{.as= fo"o +*~Ye ' dr. Using
equations (12), (38) and (39), we obtain the unnormalized wavefunctions

n ~2m -
— <27a0 - 1) (sech)V2n/Mao—1 g (422)
2m h

W1(x, ag) =
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V2m R? (2m R? I
Wy (x, ag) = (2 = ag — 3) [ - E( = ag — 2)sech1x + gsecbc + % tanx]
x (sechy)Y21/Mao—2tgn (42b)

By using equations (41) and (42) and after algebraic simplification, we obtain the normalized
wavefunctions

(L@ +1)t?
\IJO(x) = Wsecﬁx (43&)
(O + DT (21) \ M2 _
Wy(x) = (2*1—1“@)) tanxsech1x (430)
1 _
Wy(x) = m(za —2)(2n —2)(2x — 3T (21 — 3V (21 — 1) tarf x — 1]sech2x.

(4)

These results are the same as those in [12] expressed in terms of universal associated-
Legendre polynomials by using a hyperbolic function transformation.

3.4. Hulthen potential

Vo
=" Vi 0. 44
Y0 = expra) — 1 4= (44)
The equivalent potential for the radial motion is given by
Vi R+ 1
Vir) = 0 I+ )_

exp(r/a) — 1 2mr2
For the s statel (= 0), we obtain the following from [9]

72 2 2 2.2 2
Er(z:)(al) + R(ay) = h_[(ao ﬁ) — <(n+1)—al,3) i| n,=0,12... (45)

2m 2aq 2(n+ Day
h d ap az - ﬂ
A+ _ a 0 46
(r, ao) —Zm(dr‘Few_l‘i‘ 2 ) (46)

Xo(r, ag) = (& — 1)/ e (G+#)/20r (47)

whereag = «, a1 = ag+«, o = 1/a, andp = 2mVo/h?%. x(r) is defined as((r) = rR(r).
From the normalized condition

/“’ V2 (xO(r, ao)>2 2.
o (ao) redr=1
0

r

we obtain the normalized coefficients by using equations (18) and (45)
2% -1
Noag) = ﬁ[3<£ _ 4o 29 1)] (482)
200 a «
h B ao 2aq
B ——-1—+3
v2m (ocao+a2 o ot )

2 2 2 241/29-1
ag— B (ap+ ) — B
X[( 2aq ) _< 2(a0 + @) )] } (460)

Ni(ao) = \/5[
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=
(ao+a)2—ﬂ 2 (a0 +20)? - B\
X[( 2ap + 20 > _( 2a + 4o )} ]
x [(aé - /3>2 _ (4("0 +a)? - ﬂﬂw (480)
2a9 Aag+ a)
where we have used Beta function, which is defined as

0o Zy—l
B(x,y) = —d x,y>0.
(x,y) /0 Tron & y

The unnormalized wavefunctions are obtained by using the equations (12), (46) and (47)

__ I ;o (ad—B (@t a)?+BY,
Xl(r,ao)——ﬁ[(ao+a)€ +< 20 2agta) )(e"‘ —1)+aoi|
_ (ao+a)? + B
r_ 1y((@ota) /o)1 _
ey o]~ sy (4%
(r,ap) = |:2a°+a ag_ﬂ_(a0+2¢1)2+ﬂ]
KA = o e +1 " 2a (a0 + 20)

(ao+a)?—B B (ap+ 20)> + B
2(ap + a) 2(ap + 20)

x|:(ao+2a)e‘”+ ( )(e‘” —1)+ao+0t:|

(ao + 20)* + B
r _ 1\(ao/a)+1 My = T
x (e —1) exp[ 2o+ 20) r}
h? , (ot a)? =B (a0+20)°+ B .
+%|:(ao + 20)€" + ( Yot a | 2t 20) )(e“ - 1)}
(ao + 20)* + B

r _ q\(ao/o)+1 v s~

xa (e —1) exp[ 200 1 20) r]. (49%)

We putn = n, + 1. By using equations (48) and (49) and after algebraic simplification, we
obtain the normalized wavefunctions

Rio(r) = Ve & 1 @ py2ar
' B((B/a®)—-1,3) r

_ r 3, BB
Rzyo(r)—\/_[ —ae* +2 . 40[6)[]

o8 6217

g ((4a?+p)/4a)r (500)

ool > (45 - 5T
{5 (T
X[(ear—l_éa‘“)<3“e“’ <Z+132é>(ew_1)+2a>

2 or o® 58 r r 2 o~ ((9?+B)/6a)r
+3a e — ?—l—ﬁ €@ -1 [ e — D€ . (50c)

(50a)
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Special mention may be made of the Hulthen potential. As far as we are aware, the
normalized energy eigenfunctions (s stdte; 0) have not been explicitly worked out in
the literature for this potential.
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